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Introduction
Linear isometries on the Smirnov class on the ball and the polydisk of one and several complex variables were studied by Stephenson [6] and a complete representation was given. A long tradition of inquiry seeks representations of linear isometries not only on spaces of holomorphic functions but on Banach spaces and Banach algebras; cf. [2, 3] . In recent years linearity is sometimes not prerequisite. In this paper we study multiplicative isometries on the Smirnov class on the polydisk or on the open ball of -complex variables for ≥ 1.
Hereinafter the space of -complex variables = ( 1 ) is denoted by C . The unit polydisk { ∈ C : | | < 1 1 ≤ ≤ } is denoted by U and the distinguished boundary T stands for { ∈ C : | | = 1 1 ≤ ≤ }. The unit ball ∈ C : =1 | | 2 < 1 is denoted by B while S denotes its boundary. In this paper X denotes the unit polydisk or the unit ball for ≥ 1 and Γ denotes T for X = U and S for X = B . The normalized (in the sense that σ (Γ) = 1) Lebesgue measure on Γ is denoted by σ .
The Nevanlinna class N(X ) on X is the set of all holomorphic functions on X such that
It is known that ∈ N(X ) has a finite nontangential limit, also denoted by , almost everywhere on Γ. The Smirnov class N * (X ) is the set of all ∈ N(X ) which satisfy the equality
The Smirnov class N * (X ) equipped with this metric is an F -algebra. Recall that an F -algebra is a topological algebra in which the topology arises from a complete metric. For each 0 < ≤ ∞, the Hardy space is denoted by H (X ) with the norm · . It is known that H (X ) is a subspace of N * (X ), in particular, H ∞ (X ) is a dense subalgebra of N * (X ). The convergence in the metric is stronger than uniform convergence on compact subsets of X .
In this paper we consider surjective isometries on the Smirnov class. We do not assume but deduce its complex or conjugate linearity.
The results
Let α be a complex number with |α| = 1 and Φ a unitary transformation for the case of X = B and Φ( ( 1 ) is some permutation of the integers from 1 through , for the case of the unit polydisk. Then T ( ) = α • Φ defines a complex-linear isometry from N * (X ) onto itself; cf. [6, Corollary 2.3] . Also, T ( ) = α • Φ defines a conjugate linear isometry from N * (X ) onto itself. In particular, if α = 1, then the operators are multiplicative. We show that the converse holds: multiplicative isometries on N * (X ) are of one of the forms above. We do not assume linearity for these isometries and a crucial part of the proof is to observe that they appear to be complex or conjugate linear. If the Smirnov class were a normed space, it could be shown much easier, by a direct application of the celebrated theorem of Mazur and Ulam for isometries between normed linear spaces [4] ; cf. [7] . But it is not the case.
Proposition 2.1.
Let be a positive integer and let X be either B or U . Suppose that T : N * (X ) → N * (X ) is a surjective isometry. If T is 2-homogeneous in the sense that T (2 ) = 2T ( ) holds for every ∈ N * (X ), then either
where α is a complex number with the unit modulus and for X = B , Φ is a unitary transformation; for X = U ,
, where |λ | = 1, 1 ≤ ≤ , and ( 1 ) is some permutation of the integers from 1 through .
Proof.
As mentioned above, we show first linearity (complex or conjugate) of T . Once the linearity is established one can simply apply a theorem of Stephenson [6] to prove the desired conclusion.
To bypass the obstacle caused by N * (X ) not being normed, instead of directing T on N * (X ) we consider restrictions of T on certain subspaces which are normed spaces. We assert first that T (H N (X )) = H N (X ) for each 1 ≤ N ≤ ∞, then apply the Mazur-Ulam theorem [4] , cf. [7] , on isometries between normed spaces, and a theorem of Ellis [1, Theorem] on isometries between uniform algebras, to observe that T is complex-linear or conjugate linear.
Let
∈ H 1 (X ). It requires only elementary calculation applying the 2-homogenuity of T to check that the equation
holds. Multiplying the above equation by 2 and then letting → ∞ we get
by the monotone convergence theorem, since 2 log (1 + /2 ) nondecreases monotonically to as → ∞ for any ≥ 0.
From (1) 
Since (−1) θ ( ) ≥ 0 for ≥ 0 and (−1) θ ( ) → 0 as → +∞, max ≥0 (−1) θ ( ) = M is positive and finite, so the function M | | +1 is an integrable dominant for the integrand in the first integral in (2) . Letting → ∞ and applying the Lebesgue theorem on dominated convergence to the left-hand side and the Fatou theorem to the right-hand side we have
is integrable. Letting → ∞ again in the equation (2) and applying the Lebesgue theorem on dominated convergence to both sides at this time, we have
instead of T , we see in a way similar to the above that T −1
Since σ is a finite measure, lim
. In a similar way we see that ∈ H 
for ∈ N * (X ). Then T is complex-linear isometry from N * (X ) onto itself. Applying [6, Corollary 2.3] to T we see that T is represented by the second formula of the conclusion.
We say a map T : for a complex number α and the holomorphic automorphism Φ from this proposition. Since T (1) = 1, it follows that α = 1 and the conclusion holds.
